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Abstract
In this paper, we obtain a formula relating the chord power integrals of a convex body K and the dual quermassintegrals
of its radial pth mean body RpK . With this, a relation among the chord power integrals of a convex body K under dilation
transformations is found. As an interesting application, some geometric inequalities between the dual quermassintegrals of RpK
and the volume of K , which are equivalent to the isoperimetric-type inequalities of chord power integrals, are also established.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
The setting for this paper is the n-dimensional Euclidean spaceRn. Denote by AGi,n the affine Grassmann manifold
of i-dimensional planes in Rn. It is a homogeneous space under the action of the motion group G(n) (see [6, p. 199]).
Let dξk be the normalized invariant measure of AGi,n whose restriction to the Grassmann manifold Gi,n is the invariant
probability measure. Let K be a convex body in Rn, and let ξ1 be a random line intersecting K . Then V1(K ∩ ξ1)
is the chord length of the intersection K ∩ ξ1, where V1 is the 1-dimensional Lebesgue measure. The chord power
integrals of K are defined by
Ip(K) = 2αn−1
n
∫
ξ1∈AG1,n
V1(K ∩ ξ1)p dξ1, 0 p < ∞, (1.0)
where αn−1 is the surface area of the unit sphere Sn−1. Note that the normalization says that
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Bn∩ξ1 =∅
dξ1 = ωn−1,
where Bn is the unit ball in Rn and ωn−1 is the volume of the unit ball Bn−1 in Rn−1.
Chord power integrals are generalizations of the surface area S(K) and the volume V (K) of a convex body K .
There are several interesting integral formulas for chord power integrals (see [5,6,14]):
I0(K) = ωn−1
n
S(K),
I1(K) = αn−1
n
V (K),
In+1(K) = (n+ 1)V (K)2. (1.1)
In 1998, Gardner and Zhang [3] introduced the notion of radial pth mean body. For any convex body K in Rn and
any nonzero p > −1, the radial pth mean body of K is the new geometric object RpK defined by the relation
ρRpK(u) =
(
1
V (K)
∫
K
ρK(x,u)
p dx
) 1
p
, ∀u ∈ Sn−1, (1.2)
where ρK(x,u) = max{c: x + cu ∈ K}. Intuitively speaking, the radial function of the radial pth mean body RpK
of K is just the pth mean of the values of the radial function of K with respect to points inside K . Since R∞K is
the difference body DK of K , the process of forming RpK can be regarded as a generalization of central or radial
symmetrization. Moreover, since the shape of RpK tends to that of the polar projection body Π∗K as p tends to −1,
the new bodies form a spectrum connecting the difference body and polar projection body (see [3]).
The authors of paper [3] established a strong and sharp affine inequality relating the volume of RpK to that of
RqK when −1 < p < q . When p = n and q → ∞, this becomes the Rogers–Shephard inequality, while as p → −1
and q = n, it becomes the famous Zhang projection inequality.
In this paper, we first establish an equation relating the chord power integrals of a convex body K and the dual
quermassintegrals of its radial mean body RpK by using integral geometric techniques (Theorem 1). Then by proving
the invariant property of radial mean body under nonsingular linear transformations, we obtain a homogeneity prop-
erty of chord power integrals of the convex body K under dilation transformations (Theorem 2) and prove that the
radial pth mean body of a centered ellipsoid is still a centered ellipsoid (Theorem 3). In Theorem 4, we prove new
geometric inequalities involving dual quermassintegrals W˜n−p(RpK) and the volume V (K) of a convex body K ,
which are actually equivalent to the isoperimetric-type inequalities of chord power integrals.
For quick reference and to make the paper self-contained, we recall some basic facts of convex bodies in the next
section.
2. Definitions and preliminaries
As usual, Sn−1 denotes the unit sphere, Bn the unit ball and o the origin in the n-dimensional Euclidean space Rn.
The surface area of the unit sphere Sn−1 and the volume of the unit ball Bn in Rn are denoted by αn−1 and ωn,
respectively. Note that αn−1 = nωn, and
ωn = 2π
n
2
n(n2 )
.
This suggests that we define
ωp = 2π
p
2
p(
p
2 )
for any p > 0.
By a direction in Rn, we mean a unit vector, that is, an element of Sn−1. If u is a direction, we denote by u⊥ the
(n− 1)-dimensional subspace of Rn orthogonal to u. The line through o parallel to u is denoted by lu.
G. Xiong, W.S. Cheung / J. Math. Anal. Appl. 342 (2008) 629–637 631Let K be a convex body in Rn. For u ∈ Sn−1 and y ∈ u⊥, let
XuK(y) = V1
(
K ∩ (lu + y)
)
,
the function is called the X-ray of K in the direction u, where V1 is the 1-dimensional Lebesgue measure. See, for
example, [2, Chapter 1].
Let K be a star-shaped compact set with respect to a point z in Rn. The radial function ρK is defined, for all
u ∈ Sn−1 such that the line through z parallel to u intersects K , by
ρK(z,u) = max{c: z + cu ∈ K}.
When z is the origin, we usually denote ρK(o,u) by ρK(u). By a star body we mean a star-shaped compact set K
whose radial function ρK(z,u) is continuous with respect to u. The dual quermassintegrals of a star body K are
defined by
W˜n−i (K, z) = 1
n
∫
Sn−1
ρiK(u, z) du, 0 i  n, (2.0)
or, more generally,
W˜n−r (K, z) = 1
n
∫
Sn−1
ρrK(z,u) du, r ∈R. (2.1)
The dual quermassintegrals were recently discovered by Lutwak (see [4]). They play the roles in the study of cross-
sections of convex bodies as the mixed volumes do for the study of projections of convex bodies. One is referred to
the books [2] and [7] for excellent illustrations. Dual mixed volumes are far from well understood. Their applications
to the characterizations of intersection bodies and the solutions of the Busemann–Petty problems are very recent
developments (see [13]).
Next, we give another integral formula for the chord power integrals which will be useful later.
The position of an oriented line ξ1 in Rn can be characterized by specifying its direction u and the point r where
ξ1 intersects the orthogonal hyperplane of u through the origin. The “integral-geometric density” dξ1, for oriented
lines is then given by
dξ1 = dr du,
where dr is the (n − 1)-dimensional volume element in the orthogonal hyperplane u⊥, and du is the element of
surface area of the unit sphere Sn−1. Let σ(r,u) = V1(K ∩ ξ1), then we have
Iλ(K) = 1
n
∫
Sn−1
∫
K∩u⊥
σ(r,u)λ dr du, 0 λ < ∞. (2.2)
The difference body of the convex body K , denoted by DK, is the centrally symmetric convex body (centered at
the origin) defined by
DK = K + (−K) = {x − y: x ∈ K, y ∈ K}.
It is well known that DK can be equivalently described as
DK = {x: (x +K) ∩K = ∅}.
The covariogram gK(x) of the convex body K in Rn is the function
gK(x) = V
(
K ∩ (K + x)), x ∈Rn.
If K is a convex body that contains the origin in its interior, it is not difficult to verify that the radial function ρDK of
the difference body DK is
ρDK(u) = max⊥ V1
(
K ∩ (lu + y)
)
, u ∈ Sn−1.y∈u
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EK(r,u) =
{
y ∈ u⊥: XuK(y) r
}
,
the restricted chord projection [9,10] of K is the function
aK(r,u) = Vn−1
(
EK(r,u)
)
, r  0, u ∈ Sn−1.
3. Main results
Theorem 1. Let K be a convex body in Rn. Then for p > −1,
Ip+1(K) = (p + 1)V (K)W˜n−p(RpK).
Proof. Let ξ1 be an oriented line whose direction is u ∈ Sn−1. Let z be a point in the convex body K . Denote by t the
distance of z to the boundary of K along the direction u. Suppose that ξ1 passes through z. Then dξ

1 dt = α−1n−1 dzdu
(see [6, p. 207]). Multiplying both sides by tp and integrating over K , we have∫
K∩ξ1 =∅
( σ∫
0
tp dt
)
dξ1 =
1
αn−1
∫
z∈K
( ∫
Sn−1
tp du
)
dz.
So,
1
p + 1
∫
K∩ξ1 =∅
σp+1 dξ1 =
1
αn−1
∫
z∈K
∫
Sn−1
ρ
p
K(z,u)dudz.
From the definition of radial pth mean body (1.2) and Fubini’s theorem, we have
αn−1
n
∫
K∩ξ1 =∅
σp+1 dξ1 =
(p + 1)V (K)
n
∫
Sn−1
ρ
p
RpK
(u)du
= (p + 1)V (K)W˜n−p(RpK),
then it precisely gives
Ip+1(K) = 2αn−1
n
∫
ξ1∈AG1,n
V1(K ∩ ξ1)p+1 dξ1 = αn−1
n
∫
K∩ξ1 =∅
σp+1 dξ1
= (p + 1)V (K)W˜n−p(RpK), p > −1.
This completes the proof of the theorem. 
Remark. Here, we must point out that we use the technique of integral geometry to prove our result, where we benefit
much from Zhang’s Lemma 3.1 in [12]. In fact, we also can prove the above equation for p > 0 by the following
lemma proved by the authors of [3] (see [3, Lemma 3.1]), which will also be used later.
Lemma 1. (See [3].) Let K be a convex body in Rn and u ∈ Sn−1.
(i) For p > −1, we have
∫
K
ρK(x,u)
p dx =
ρDK(u)∫
0
aK(r,u)r
p dr.
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K
ρK(x,u)
p dx = p
ρDK(u)∫
0
gK(ru)r
p−1 dr.
Second proof of Theorem 1 (for p > 0). From the formula (2.2) of chord power integrals, we have
Ip+1(K) = 1
n
∫
Sn−1
∫
K∩u⊥
σ(r,u)p+1 dr du, −1 p < ∞.
On the other hand, from the proof of Theorem 3 in [1] (also see [8]), we have
ρDK(u)∫
0
gK(ru)r
p−1 dr = 1
p(p + 1)
∫
K∩u⊥
σ(r,u)p+1 dr, p > −1.
Hence, we have
Ip+1(K) = p(p + 1)
n
∫
Sn−1
ρDK(u)∫
0
gK(ru)r
p−1 dr du, p > −1.
From Lemma 1(ii) and Fubini’s theorem, we have
Ip+1(K) = p + 1
n
∫
Sn−1
∫
K
ρK(x,u)
p dx du = (p + 1)V (K)
n
∫
Sn−1
ρRpK(u)
p du
= (p + 1)V (K)W˜n−p(RpK)
for p > 0. This completes the proof of Theorem 1. 
Corollary 1. Let K be a convex body in Rn. Then V (Rn(K)) = V (K).
Proof. Letting p = n in Theorem 1, we have
In+1(K) = (n+ 1)V (K)W˜0(RnK).
Since
In+1(K) = (n+ 1)V (K)2, W˜0(RnK) = V (RnK),
we have
V
(
Rn(K)
)= V (K).
Hence the corollary. 
Corollary 2. Let K and L be convex bodies in Rn. If RpK = RpL for all p > −1, then Ip+1(K) = Ip+1(L) for all
p > −1.
Proof. From Theorem 1, for all p > −1 we have
Ip+1(K) = (p + 1)V (K)W˜n−p(RpK)
and
Ip+1(L) = (p + 1)V (L)W˜n−p(RpL).
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RpK = RpL for all p > −1,
by Corollary 1 we have
V (K) = V (RnK) = V (RnL) = V (L).
Since
W˜n−p(RpK) = W˜n−p(RpL) for all p > −1,
we have
Ip+1(K) = Ip+1(L), p > −1.
This completes the proof of Corollary 2. 
From the Minkowski inequality for dual mixed volumes, the following inequalities are immediate.
Corollary 3. Let K be a convex body in Rn. Then
(i) for 0 <p < n, Ip+1(K) (p + 1)ω
n−p
n
n V (K)V
p
n (RpK), where the equality holds if and only if RpK is a ball;
(ii) for p > n, or −1 < p < 0, Ip+1(K)  (p + 1)ω
n−p
n
n V (K)V
p
n (RpK), where the equality holds if and only if
RpK is a ball.
Proof. From Theorem 1, for all p > −1 we have
Ip+1(K) = (p + 1)V (K)W˜n−p(RpK).
According to the dual Minkowski inequality, we have
Ip+1(K) (p + 1)V (K)V pn (RpK)V n−pn (Bn)
= (p + 1)V (K)ω
n−p
n
n V
p
n (RpK), 0 <p < n,
and
Ip+1(K) (p + 1)V (K)V pn (RpK)V n−pn (Bn)
= (p + 1)V (K)ω
n−p
n
n V
p
n (RpK), −1 <p < 0, p > n.
From the equality condition of dual Minkowski inequality, we can conclude that both equalities hold in the above
inequalities if and only if RpK is a centered n-dimensional ball. This completes the proof of Corollary 3. 
To characterize the property of chord power integrals under dilation of the convex body K , we first give a lemma
about the invariant property for radial pth mean body under linear transformation.
Lemma 2. Let K be a convex body in Rn and GL(n) the nonsingular linear transformation group. Then for ϕ ∈ GL(n)
and p > −1, we have Rp(ϕK) = ϕ(Rp(K)).
Proof. For ϕ ∈ GL(n), using the formula
ρϕK(x,u) = ρK
(
ϕ−1x,ϕ−1u
)
of radial functions, we have
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Rp(ϕK)
(u) = 1
V (ϕK)
∫
ϕK
ρϕK(x,u)
p dx
= 1|detϕ|V (K)
∫
ϕK
ρK
(
ϕ−1x,ϕ−1u
)p
dx
= 1|detϕ|V (K)
∫
K
ρK
(
y,ϕ−1u
)p|detϕ|dy
= ρpRpK
(
ϕ−1u
)
= ρpϕ(RpK)(u),
this completes the proof of Lemma 2. 
Remark. In [3, Theorem 2.3], the authors proved the same relation for volume-preserving linear transformations.
Theorem 2. Let K be a convex body in Rn. Then for all p > −1, we have Ip+1(cK) = cn+pIp+1(K), ∀c 0.
Proof. From Theorem 1, for all p > −1 we have
Ip+1(K) = (p + 1)V (K)W˜n−p(RpK).
From Lemma 2 and the property of dual mixed volume, we have
Ip+1(cK) = (p + 1)V (cK)W˜n−p
(
Rp(cK)
)
= (p + 1)cnV (K)W˜n−p(cRpK)
= (p + 1)cnV (K)cpW˜n−p(RpK)
= cn+p(p + 1)V (K)W˜n−p(RpK)
= cn+pIp+1(K)
for all c 0. This completes the proof of Theorem 2. 
From Lemma 2, we can prove that the radial pth mean body of a centered ellipsoid is still a centered ellipsoid.
Then with Theorem 1, we can compute the chord power integrals of the unit ball easily.
Theorem 3. Let K be a centered ellipsoid in Rn. Then RpK is still a centered ellipsoid for all p > −1.
Proof. We first consider the radial pth mean body of the unit ball Bn. Obviously, we have
aBn(r, u) = Vn−1
(√
1 −
(
r
2
)2
Bn−1
)
, ρDBn(u) = 2
for all u ∈ Sn−1. From Lemma 1(i), we have
ρ
p
RpBn
(u) = 1
V (Bn)
∫
Bn
ρBn(x,u)
p dx
= 1
V (Bn)
ρDBn (u)∫
0
aBn(r, u)r
p dr
= ωn−1
ωn
2∫ (
1 − r
2
4
) n−1
2
rp dr0
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pωn−1
ωn
B
(
n+ 1
2
,
p + 1
2
)
for all p > −1. Let
cn,p =
{
2pωn−1
ωn
B
(
n+ 1
2
,
p + 1
2
)} 1
p
,
we have
ρRpBn(u) = cn,p,
which is a constant depending only on the numbers p and n. Hence the radial pth mean body of unit ball Bn is still a
ball centered at the origin with radius cn,p .
When K is a centered ellipsoid, there exists ϕ ∈ GL(n) such that K = ϕBn. From Lemma 2 and the above argument,
we have
RpK = Rp(ϕBn) = ϕ(RpBn) = ϕ(cn,pBn) = cn,pϕ(Bn) = cn,pK,
which is still a centered ellipsoid. This completes the proof of Theorem 3. 
Corollary 4. Let Bn be the unit ball in Rn. Then for p > −1, we have Ip+1(Bn) = 2
p+1ωnωp+n
ωp+1 .
Proof. From Theorems 1 and 3, we have
Ip+1(Bn) = (p + 1)V (Bn)V pn (RpBn)V n−pn (Bn)
= (p + 1)ω
2n−p
n
n V
p
n (cn,pBn)
= (p + 1)cpn,pω2n
= 2
p+1ωnωp+n
ωp+1
. 
As an application of Theorems 1 and 2, we can derive new inequalities involving dual quermassintegrals
W˜n−p(RpK) and the volume V (K) of a convex body K by using the isoperimetric inequalities of chord power
integrals. For this aim, we narrate the known results in the following
Proposition 1. If B is the ball with the same volume as the convex body K in Rn, then
Iλ(K) Iλ(B), 0 λ < 1, (3.1)
I1(K) = I1(B), λ = 1, (3.2)
Iλ(K) Iλ(B), 1 < λ< n+ 1, (3.3)
In+1(K) = In+1(B), λ = n+ 1, (3.4)
Iλ(K) Iλ(B), n+ 1 < λ< ∞. (3.5)
The equality in either (3.3) or (3.5) holds if and only if K is a ball. The equality in (3.1) holds if K is a ball.
Eqs. (3.2) and (3.4) are the integral formulas of Crofton and Santaló. When λ are positive integers, these inequalities
were proved by Blaschke (n = 2), Wu (n = 3), and Ren (n > 3). The general case above was proved in [11] by Zhang.
Combined with Theorems 1, 2, Corollary 4 and Proposition 1, we can obtain the following inequalities directly,
including the condition for equality.
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W˜n−p(RpK)
2p+1V (K)
p
n ωn+p
(p + 1)ω
p
n
n ωp+1
, −1 <p < 0, (3.6)
W˜n−p(RpK)
2p+1V (K)
p
n ωn+p
(p + 1)ω
p
n
n ωp+1
, 0 <p < n, (3.7)
W˜n−p(RpK)
2p+1V (K)
p
n ωn+p
(p + 1)ω
p
n
n ωp+1
, n < p < ∞. (3.8)
The equality in either (3.7) or (3.8) holds if and only if K is a ball. The equality in (3.6) holds if K is a ball.
When p → −1+, inequality (3.6) becomes the classical Euclidean isoperimetric inequality. In fact, since(
(p + 1)V (K)) 1p RpK → Π∗K, p → −1+,
where Π∗K is the polar projection body of convex body K (see [3, Theorem 2.2]), and
Wn+1
(
Π∗K
)= ωn−1
n
S(K),
so from (3.6), we have(
S(K)
αn−1
)n

(
V (K)
ωn
)n−1
.
Remark. By the formula in Theorem 1, we note that the inequalities obtained in Theorem 4 are actually equiva-
lent to the isoperimetric-type inequalities of chord power integrals in Proposition 1, and thus can also be viewed as
isoperimetric-type inequalities.
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